
Episode 302: Getting mathematical

The previous episode laid the qualitative foundations for what follows here: a mathematical approach to SHM, starting from its physical basis and the forces involved.

Summary

Demonstration and Discussion: The restoring force in SHM. (20 minutes)

Demonstration and Discussion: Graphical representations of SHM. (30 minutes)

Discussion: Equations of SHM. (30 minutes)

Discussion: Linking SHM to circular motion. (10 minutes)

Student activity: Making a computer model. (30 minutes)

Demonstration + discussion:

The restoring force in SHM

So far, we have only considered the characteristics of SHM. Now we can go on to look at the underlying causes of this motion, in terms of forces.

Using a model system, look at the forces involved in SHM. Start with the trolley tethered by springs. Show that it remains stationary at the midpoint of its oscillation; it is in equilibrium. What resultant force acts on it? (Zero.) If it is displaced to the right, in which direction does it start to move? (To the left.) What causes this acceleration? (A resultant force to the left.) You can readily feel the force when you pull the trolley to one side.

So displacement to the right gives a resultant force (and hence acceleration) to the left, and vice versa. We call this force the restoring force (because it ties to restore the mass to its equilibrium position). The greater the displacement, the greater the restoring force.

We can write this mathematically:

Restoring force F ( displacement x
Since the force is always directed towards the equilibrium position, we can say:

F  ( - x      or       F = - kx

Where the minus sign indicates that force and displacement are in opposite directions, and k is a constant (a characteristic of the system).

This is the necessary condition for SHM.

Now it should be clear that we are dealing with vector quantities here; what are they? (Displacement, velocity, acceleration, force.) It makes sense to use a sign convention. We call the midpoint zero; any quantity directed to the right is positive, to the left is negative. (For a vertical oscillation, upwards is positive.)

Think about mass-spring systems. Why might we expect a restoring force which is proportional to displacement? (This is a consequence of Hooke’s law.)

It is harder to see this for a simple pendulum. As the pendulum is displaced to the side, the component of gravity restoring it towards the vertical increases. Force and displacement are (roughly) proportional, and proportionality is closest at small angles. For this reason, it will make sense to start a mathematical analysis with mass-spring systems.

Demonstration + discussion:

Graphical representations of SHM

We need to get to a point where we can develop the equation F = - kx to a = -2x, where a is the acceleration and  is the angular velocity associated with the SHM. To do this, we develop the graphical representation of SHM.

Consider first the tethered trolley at its maximum displacement. Its velocity is zero; as you release it, its acceleration is maximum. Show how the trolley accelerates towards the midpoint. Sketch the displacement-time graph for this quarter of the oscillation. What happens next? The trolley decelerates as it moves to maximum negative displacement. Extend the graph. Continue for the second half of the oscillation, so that you have one cycle of a sine graph.

Below this graph, draw the corresponding velocity-time graph. Deduce velocity from the gradient of the displacement graph. Show how maximum velocity occurs when displacement is zero.

Below this, sketch the acceleration-time graph.

TAP 302-1: Snapshots of the motion of a simple harmonic oscillator
TAP 302-2: Step by step through the dynamics
TAP 302-3: Graphs of simple harmonic motion
Discussion:

Equations of SHM

These graphs can be represented by equations. For displacement:

x = A sin 2ft or x = A sin t
Explain that f is the frequency of the oscillation, and is related to the period T by f = 1/T. The amplitude of the oscillation is A.

Velocity: v = 2f A cos 2ft = A cos t
Acceleration: a = - (2f)2 A sin 2ft = -2 A sin t
Depending on your students’ mathematical knowledge, you may be able to explain where these equations come from. You may simply have to indicate their plausibility.

Also point out that in some text books the sin and cos functions are written in terms of the ‘real physical frequency’ f rather than . 

Comparing the equations for displacement and acceleration gives:

a = - 2x
and applying Newton’s second law gives:
F = - m 2x
These are the fundamental conditions which must be met if a mass is to oscillate with SHM. If, for any system, we can show that F ( -x  then we have shown that it will execute SHM, and its frequency will be given by:

 = 2f = √ (F/mx) so  is related to the restoring force per unit mass per unit displacement.

Discussion:

Linking SHM to circular motion

If your specification requires you to explore SHM with reference to ‘motion in the auxiliary circle’ (or if you wish to adopt this approach anyway), then this is a good point to do so. It has the merit of showing the link between SHM and circular motion, but for many students it may simply add confusion.
TAP 302-4: A language to describe oscillations
See also: http://www.physics.uoguelph.ca/tutorials/shm/phase0.html  which links for a circle and SHM.
Student activity:

Making a computer model

It will help students to grasp the relationships between displacement, velocity and acceleration in SHM if they make a computer model.

TAP302-5: Build your own simple harmonic oscillator
TAP 302- 1: Snapshots of the motion of a simple harmonic oscillator

This panel shows the connections between motion and force.
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Practical advice

This diagram is reproduced here so that you can talk through it, or adapt it to your own purposes.

External reference

This activity is taken from Advancing Physics chapter 10, 70O

TAP 302- 2: Step by step through the dynamics

Here we show how to assemble descriptions of the dynamics of the simple harmonic oscillator to predict its motion.
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Practical advice

This diagram is reproduced here so that you can talk through it, or adapt it to your own purposes.

External reference

This activity is taken from Advancing Physics chapter 10, 80O

TAP 302- 3: Graphs of simple harmonic motion

The graphs show the relationships between the quantities.
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Practical advice

This diagram is reproduced here so that you can talk through it, or adapt it to your own purposes.

External reference

This activity is taken from Advancing Physics chapter 10, 100O

TAP 302- 4: A language to describe oscillations

A summary of terms and relationships between them, shown on a diagram.
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Practical advice

This diagram is reproduced here so that you can talk through it, or adapt it to your own purposes.

External reference

This activity is taken from Advancing Physics chapter 10, 60O

TAP 302- 5: Build your own simple harmonic oscillator

Computing several moves

Step-by-step calculations allow you to predict the future. Here in building a model of an oscillator four convenient sized steps are these:

1.
Future displacements can be calculated from a knowledge of displacement now and 
velocity now.

2.
Future velocities can be calculated from a knowledge of velocity now and acceleration 
now.

So these two rely on history – you need to know both the quantity and the rate of change of the quantity to predict.

The next two steps show instantaneous relationships – no history!

3.

[image: image5.wmf].
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4.

[image: image6.wmf].
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It is this last one that is unique to this oscillator; all of the other relationships are quite general and apply to any motion. So is the condition for simple harmonic motion:


[image: image7.wmf].
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Notice that it also completes the loop, relating force back to displacement.

So you have:
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You will need

· computer running Modellus

Building

Consider the following steps:


[image: image9.wmf]d
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From this you can abstract just four lines of algebra, containing all of the model.

[image: image10.wmf]
1.
Type these four lines into the model window of a blank Modellus file (use the start menu 
to launch Modellus, if necessary).

2.
Think up some suitable initial conditions, from your knowledge of the behaviour of simple 
harmonic oscillators.

3.
Make a new Graph window (menu > Windows > New Graph), and try a plot of s / t (use 
the drop-down menus to choose what to plot). Press the start button in the Control 
window. 

4.
Enjoy.

5.
You might also try plotting v / t, a / t and look for relationships.

6.
Also try: F / a, v / s, a / s, F / s, a / v, always looking for patterns.

You have

1.
Built your own model of a simple harmonic oscillator.

2.
Explored some of the properties of this oscillator.

3.
Learnt more about the behaviour, and causes of the behaviour, of simple harmonic 
oscillators.

4.
Seen the importance of the relationship between force and displacement.

Practical advice

Students should be encouraged to build their own models at this stage, but probably not spend too much time working with the animations. A completed model is provided below, in case some get totally bogged down. 

Open the Modellus model


[image: image11.wmf]100062f1.mdl


Modellus is available as a FREE download from http://phoenix.sce.fct.unl.pt/modellus/ along with other sample files and the user manual.
It is important to emphasise the distinction between the general relationships used for any predictions and the specific relationship that makes this simple harmonic motion. It may be that some students will want to alter the equation describing the force, perhaps having non-Hookean springs, damping, or driving forces. They will need advice as to how far to go, and as to what will be dealt with later.

Alternative approaches

You might prefer to present students with the model, already done, or to build up the steps on the board.

Social and human context

Building models and matching the output to qualitative behaviour, or even better measured output, gives a sense of understanding, and perhaps control, which helped to generate some of the impetus behind the idea of the clockwork Universe. Lord Kelvin, for example: ‘I never satisfy myself until I can make a mechanical model of a thing. If I can make a mechanical model, I understand it.’

External reference

This activity is taken from Advancing Physics chapter 10, 270S

v





t





v = rcos t





t





a





a = -rsin t





x





t





x = rsin t





a





+2r





x





-r





x





+r





-2r





v





+r





-r





=1





>1








PAGE  
14

_1187007110.unknown

_1187007111.unknown

_1345986484/100062f1.mdl

_1187007109.unknown

